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Sufficient conditions are obtained for the asymptotic stability under any ini-
tial conditions for a system controlled by nonlinear feedback conforming to
the state vector Theconditions arestated as explicit analytic relations, The re-
sults obtained supplement the investigationsin [1-3 ] and use the resultsin [4-8 ],

1, Statement of the problem, Formulation of the results, Let

R" be the n~-dimensional arithmetic space of points z = col {z,,.. . ., z,},

|| @s; || be a matrix, §;; be the Kronecker symbol,and T be the symbol of trans-
position, Let the indices v and p run from 1 to M,the indices i and j from 1 to ny
and my,respectively,and the indices /and s from1 tonand m < 7 .Let 4 =

|| Asy || denote a block matrix with blocks Ay, = || a;*|, where ;M are ele-
ments of a block, We examine a controlled object whose motion is described by the
differential equation with constant parameters

x = Az + Bu, z=R", u= R"™ (L.1)
e [th OO), x (tO) = xo
where A and B are ann X n -dimensional matrixandann X m -dimensional matrix,
respectively,
Problem, For system (1,1) let
wi@ =M@z (L,2)
be the control law for which the closed system

2= Ax + BM () z, z(t)) = 2° (1.3)

is asymptotically stable under any initial conditions %4 > 0 and |z | <N, N
<~ oo. Findthe conditions that the elements of matrix M (x) satisfy in this connection,
To solve the problem posed it is necessary to investigate the existence of the func-
tional

1

J(C,u)=—\ [C(z)+ uTuldt (1.4)

"8

-~

0

(C (z) is a positive definite function) that the control forces y° () minimize and
thus optimally stabilize system (1.1). The inverse problem of optimal control [9]
arises in this case. In the present paper the results in [5 —8] on the inverse problem are
extended to that of nonlinear control , The basic tool for solving this problem is the
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canonic transformation [ 10 ] of the original equations of motion of the controlled object.
Let for system (1, 1), the pair (4, B) be completely controllable and let matrix
B have full rank, Then according to {10] the nondegenerate transformationsy = 7'z
and v = Gu exist for which

y =Fy+ Hv, y=R", ve R™ (L.5)
te lty, ), yto) =y, t,>0 |y’| <N (1.6)
F=[Fyl. Fou=Il H=]ml

W= 8uubijoy + Sinw) Gusu-nyriy R(V)=ny, n(0)=0, o(v)=
nmt...+n, 6(0)=0, om=n

Definition, Two performance indices J (Cy, u) and J (C,, u) aresaid to
be equivalent if they are minimized by the same control u {(z).

Lemma, Ina performance index J (C’, v) let the function C’ (y) be positive
definite and let C’ (y) — ayTy as y — 0, where o > 0.Then functional J (C’, v)
is equivalent to J (L, v), where

Lp)=yT0wy, Q=g

a¥ (y) = & () 810w + Vo (1 — dup) {d¥ (1) 8511 + sign (ny +1 —
i — )1+ drvyei1 @) Sineny[1 —sign(ny +1 —i— N} (v£=np)

The Lemma is an extension of the result in [ 87 to the nonlinear case and states that
a functional of a special structure can be selected from the class of equivalent per-
formance indices, This selection significantly decreases the number of parameters in
the functional and permits the unique solution of the inverse optimal control problem,
In particular, for systems with a one-dimensional control the functional J (', v) is
equivalent to a functional J (L, v) with a diagonal matrix @ ().

Theorem 1, Letin the control law
) =K@y, K=I[Ki..»Knl, Kv=[hul .7)
the elements of matrix K be bounded and satisfy the equalities Kyng.y () == Kiniwy @),

and let the control forces (1.7) minimize the performance index J (L, v). Then the
elements of matrix Q (y) are defined in terms of the elements kj; (y) thus:

A =8, 4 @) =& @) +2 3 (=1 ian @)+ @.8)

(— 1" {1 — sign (ny 4+ 1 — 20)] Alginvy-1 (%)
(i>Lp=v,i=))

Vi - A 1 3 I3
¥ @) = Y (— 1P B () + 5 (— D" [ — sign (ny — ) %
A=0
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X o ieng (4) (G =0), dutvyei-a (¥) =

n)-j
éo (— DPME-agan (@) (— DT ny-145 () — K1 (¥)
(v 1)

w=min(i —1,m—j—1), IE@I=0A—HDH K@y +
K" A —H D+ K" QK@) A=laul, I=]8um

Another result concerning the inverse optimal control problem for a linear stationary
system with nonlinear control was obtained in [11].

Theorem 2. Let the hypotheses of Theorem 1 be fulfilled and Q (K, ¥) be a
matrix whose elements are calculated by (1.8). If the matrix Q (K, y) + K7 (y)
K (y) is positive definite , the control forces (1.7) stabilize system (1. 5) under any
initial conditions (1.6),
The latter assertion isasufficient condition of asymptotic stability for the system
y = Fy 4 HK (y) y under any initial conditions (1,6).

2, Proof of the results, Proof of the Lemma, Let the equalities
BT AP (z) = 0, AT AP (z) + AP () A + AS (z) =0 (2.1)

be valid for the symmetric 7 X n -matrices AP (z) and AS (z), Then the functional
J (C + zTASz, u) is equivalent to functional (1,4). Indeed, the minimum of the
first is achieved for

vy — BTV 9 gpy Cia) - 2TAS (5 —
W(r) - —B l”o?]’ Az C () +2TAS (@)

av: o1 vt
o BB h.ﬂ =0
where 1 (z) is the Bellman function in the case of steady-state motion, With due re-
gard to (2,1) the last relation can be rewritten as
W (@) = —BTP" (2)z, a7 (AT [P' (x) — AP ()] + [P’ (2) — AP (2)]4 -+ (2.2)
[P’ (x) — AP (@)]BBT [P’ (x) — AP ()]} C (x) =0
by setting a1”/gz = zTP’ (x), where 7/ (z) is a positive definite symmetric n Xn -
matrix, Analogous relations can be obtained in the minimization of functional (1,4).
By comparing them with (2,2) we obtain P’(x)—AP(z) = P(z), whence, with due re-
gard to (2.1), follows «' (z)==—BT [P (z) - AP (z)le = u(r).

We need to show that J (L, v) exists among the functionals equivalent to
J(C'v), Let C'(y) — yT S (y)y :weset @ (¥) = 8 (y) + AS’ (y). where
the elements of matrix AS’ (y) are found from the equalities ApX,y; (y) = Aping)

(y) = 0 and ApY; (y) + Api (y) + Asi)' (y) = 0, which are the analogs
equalities (2, 1) taken element by element, In the last equalities there are  Z,,
(ny — 1) (n, — 1) + =y (ny — 1) nv / 2 ambitrary elements Api™ (y). When

H
AP;J!l (y)= éo (— UKS;)E)» jena1 (¥)
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matrix () (y) has the form given in the Lemma,

Proof of Theorem 1, The optimal control

v(y) =—HTP(hy, y"{(FTPO+PWF+Ql— (2.3)
P HHTP (n}y =0

is obtained for system (1, 5) and performance index J (L, v) . Let matrix Q (y) be
calculated by formulas (1, 8) for a specified t° (y). Then the matrix P = || p;;* ||
calculated by the formulas

piy () = g;ﬂ (— 1Mo judar () + (— Dn-3 (2.4)
[1 — sign (my — i — D] &y tsjeney ()
Py () = — K5 ()  Pinwy () = — kui (y)

satisfies (2,3) and p (y) = v° (y). The theorem is proved,

Proof of Theorem 2. Proof of the last statement reduces to verifying the
fulfilment of the hypotheses of Theorem IV in {4]. From Theorem 1 it follows that
when L (y) = yT Q (K, ¥) ¥ the equality aW / oy [Fy + Hv* ()] + VoL (y)

+ Y, P IT P (y) = 0 is fulfilled, whete W [ dy = yT P (y), the ele-
ments  p; he (y) are calculated by (2,4 ) and the inequality g / dy (Fy + Hv)
4+ Y.L (y) + YT v> 0 is valid for any number vy .,

When the theorem 's hypotheses are fulfilled the function ¥7 [Q (K, y) + KT (y)
K (y)] y is positive definite and, consequently,so is the function W (y) = min ;
(L,v) =J (yTQ (K, y) y, v° (y)). Thus,all the hypotheses of Theorem IV in [4]
are fulfilled; consequently, the control law (1,7) optimally stabilizes system (1, 5) re-
lative to performance index J (L,v) under any initial conditions (1,6). The theorem

is proved.

3, Examples, 1°., We consider a system with a one-dimensional control

¥y = Fy+hy, y=R* v R, tcl[ ) 8.1)
Y (2) = 9" 2 (y) = f (0), o = aTy
oo <T (0T <Coo), F={Fgll

fog =84+ 8,8, a=col{a, ..., a,ty R=[8,1

It is required to find conditions on the function @(s) = f(s)/s and the parameters a,
for which system (3, 1) is asymptotically stable under any initial conditions (1.6). To
obtain the resulfs we reduce the control 2°(y) to the form 2° () = kT (¥)y, where
¥T (y) = (0)aT. We noted earlier that the matrix Q (%) in functional J (L, »)
can be chosen to be diagonal, Q = diag (dy, ..., ds}. Then from (1.8} follows

ds () = @ (0) [Ba + 759 (o)l
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"
Bo=2 2' (8Os, T 51285 -+ (=11 —sign(n +1—25)] X
=0
Qggen-10 V175 a,?

%
vy=02+2 (=)Mo gy >0
A=0

From Theorem 2 it follows that system (3, 1) is asymptotically stable under any initial
conditions (1, 6) if the inequalities d; (¥) >0, ..., d, {y) >0 are fulfilled, From
these inequalities follow the inequalities @ (0) >0, ¢ (6) > —B/y. or ¢ (o) >r,
where r = max (0, —By/vy, - . -, —Ba/¥nl- Hence, with due regard {o the constraints,
we obtain

rl floo T, 0L r<T (3.2)

Thus , conditions (3, 2) yield the solution of the problem posed.

Note. In the general case it is necessary to examine all the inequalities under
which the conditions d, (y) > 0 can be fulfilled, However, in the example analyzed
we can restrict ourselves to just the inequalities determined, first of all, by the inequality

@ (o) >0 or f(o)/og >0, since the opposite inequalities @ (0} < 0 and@ (0) << —

Bs/vs can be reduced to the previous ones by the following changes of signs: g* = —¢,
of = —a, f* = —fs, 7" = ¥s.and @* (0*) = —/ (9)/0, L€, g* (*) >0 andg* (*)
> _55*;\’s*~
27 For Bulgakov's first problem [2] we have the equations
TH” + Uy +p =0, p = f(0) (3.3)
0= ap + EP" — T, P (to) = Po
P (t0) =o'y B (to) = Po, 1o >0 (3.4)

{1Pol, 1o |y [Bol <N

After reducing (3,3) to form (3, 1) we obtain

'a::colj— a  EBI+U __’1}

L7 I7e T

To simplify the final result we take advantage of the obvious property: the optimal con-
trol problem for system (3, 1) relative to the performance index J (C’, v -+ aTy), where
a = col {a, . . ., a,}, is equivalent to the optimal control problem for the system

y = (F — haT)y + hy relative to the performance index J (C’, »). Then for
Bulgakov's problem we obtain
Ty 0 = {1 @ve +d (vt + v 1o
1]
dy () = @79 (0), dp (y) = (0 — 2o4&3)92% (0), d3 (y) =
(@2 @ (0) -+ 2a,) (0)

System (3, 3 ) is asymptotically stable under any initial conditions (3, 4) if the inequalities
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dy ) >0,d, (y) >0, d3 () >0 or &?~—2aa3 >0 and ¢ (0) > max (0,
—2a,/mg?) are fulfilled, Finally, we obtain the conditions

ElL LU\ 2L (1
(B22) 5 o £ <t

A comparison of the last result with others for the same problem showed that the result-
ing stability boundaries are wider than those in [27], This result was simple to derive
since the basic inequalities do not contain arbitrary constants and compiex quantities,
The latter facilitates the derivation of numerical results,
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